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We describe a new class of propagation-invariant light beams with Fourier transform given by an eigenfunction
of the quantum mechanical pendulum. These beams, whose spectra (restricted to a circle) are doubly-periodic
Mathieu functions in azimuth, depend on a field strength parameter. When the parameter is zero, pendulum
beams are Bessel beams, and as the parameter approaches infinity, they resemble transversely propagating
one-dimensional Gaussian wavepackets (Gaussian beam-beams). Pendulum beams are the eigenfunctions of
an operator which interpolates between the squared angular momentum operator and the linear momentum
operator. The analysis reveals connections with Mathieu beams, and insight into the paraxial approximation.
OCIS codes: 070.3185, 070.2580, 050.4865
http://dx.doi.org/10.1364/XX.99.099999
The appreciation of special functions has become a
major component of the modern study of structured
light beams. Beams with transverse amplitude distribu-
tions specified by various special function profiles given
by Bessel functions [1], Airy functions [2, 3], Mathieu
functions [4], and Gaussians times Hermite or Laguerre
polynomials [5], etc., exhibit many interesting physical
properties, such as orbital angular momentum (OAM)
[6, 7], propagation invariance [8] and self-healing [9].
Special properties of the functions are often related
to the physical problems in which they are typically
studied; for instance, higher-order Gaussian beams in
the focal plane arise as eigenfunctions of the two-
dimensional harmonic oscillator [10], both as Hermite-
Gauss (HG) modes (quantized back-and-forth harmonic
motion), and Laguerre-Gauss (LG) modes (quantized
circular harmonic motion) [6]. The quantum states
corresponding to elliptic vibration states are the ‘Gen-
eralized Hermite-Laguerre Gaussian’ (GG) beams [11],
which provide a smooth interpolation of higher-order
Gaussian profiles between linear, standing wave-like HG
modes and rotating, OAM-carrying LG modes, naturally
related to quantum angular momentum algebra [10].
Here, we consider a nondiffracting beam family coun-
terpart to GG beams, interpolating between standing
azimuthal Bessel beams and travelling plane waves with
a transverse momentum component. The family is
based on the set of special function solutions of a well-
understood physical problem, namely the eigenstates of
a quantum pendulum [12, 13] for a matter wave confined
to a circle of radius L subject to a constant gravitational
field strength g, which acts as the interpolating param-
eter for 0 ≤ g ≤ ∞. Such pendulum eigenstates are
complex distributions on the circle with angle θ (with
radius the pendulum length L), which we consider as
the spectral distribution of our beams in Fourier space.
With a spectrum restricted to the circle (with L→ kr,
the radial wavenumber), the propagating beam in real
space has an invariant amplitude profile upon propa-
gation [1, 8]. The eigenfunctions of the quantum pen-
dulum, first studied by Condon [12] and subsequently
re-discovered several times [13] are Mathieu functions
[13, 14], which determine the spectra of our ‘pendulum
beams’. The ground state of the pendulum has been con-
sidered as a beam spectrum previously [15], minimizing
a certain angular uncertainty relation. Our definition of
this new beam family reveals interesting aspects of op-
tical linear and orbital angular momentum, extends the
GG beam interpolation to propagation-invariant beams,
and provides an unusual appearance of the paraxial ap-
proximation. Furthermore, pendulum beams arise nat-
urally as eigenfunctions of a certain operator which in-
terpolates between angular and linear momentum.
Mathieu functions are more often encountered in opti-
cal beam physics in ‘Mathieu beams’ [4, 16], that is, the
propagation-invariant beam family separated in elliptic
coordinates ξ, η with x = f cosh ξ cos η, y = f sinh ξ sin η
(analogous to the elliptic coordinate separation of the
2D Helmholtz equation [13, 14]), with focal distance f .
With f as a parameter, elliptic coordinates themselves
interpolate between polar coordinates (f = 0) and carte-
sian coordinates (for which f →∞), so Mathieu beams
interpolate between Bessel beams and plane waves.
As separable solutions of differential equations are
usually represented as products of real functions in the
separating coordinate system (thus having nodal lines
in x, y crossing at 90◦), the Bessel beams appearing as
the limit of Mathieu beams when f → 0 are stand-
ar
X
iv
:1
30
7.
71
80
v1
  [
ph
ys
ics
.op
tic
s] 
 26
 Ju
l 2
01
3
2ing waves in azimuthal angle φ, with azimuthal depen-
dence cos(`φ), sin(`φ). Although a beam with standing
azimuthal dependence cos(`φ) is not an eigenfunction
of the angular momentum operator Lˆ ≡ −i∂φ, it is an
eigenfunction of its square, Lˆ2, with eigenvalue `2. A
complex superposition of a symmetric (cosine-like) pro-
file with ±i times an antisymmetric (sine-like) profile
gives a ‘helical’ (i.e. travelling azimuthal) beam: helical
Mathieu beams [16] limit to usual OAM-carrying Bessel
beams, with ei`φ azimuthal dependence.
These interpolations are analogous to the Gaussian
mode interpolation between LG and HG modes by Ince-
Gaussian (IG) modes [17] (solutions of the 2D harmonic
oscillator separated in elliptic coordinates [18]). The HG
modes are eigenstates of Hˆx − Hˆy, i.e. the difference
between the harmonic oscillator hamiltonian operators
in the x- and y-directions, and standing azimuthal LG
modes are eigenfunctions of Lˆ2. IG modes are eigenstates
of the operator Lˆ2 + f2(Hˆx − Hˆy) in suitable units [18],
where f is again the focal distance. This contrasts with
the GG modes, which are eigenstates of Lˆ cosα+ (Hˆx−
Hˆy) sinα for real angle α [18].
We now consider pendulum beams, starting by review-
ing the solution of the quantum pendulum. A matter
wave of mass M, confined to a circle of radius L with
angle θ to the vertical y, has potential energy Mgy =
MgL cos θ. It satisfies the time-independent Schro¨dinger
equation [−~2/(2ML2)∂2θ + MgL cos θ]Ψ(θ) = EΨ(θ),
where Ψ(θ) is the periodic eigenfunction Ψ(0) = Ψ(2pi)
corresponding to the energy eigenvalue E. With the sub-
stitutions χ = θ/2, q = 4M2L3g/~2, α = 8ML2E/~2,
and considering now Y (χ) = Ψ(θ), the equation becomes
Y ′′(χ) + [α− 2q cos(2χ)]Y (χ) = 0, (1)
which is the standard form of Mathieu’s equation [13,
14, 19] with characteristic (eigenvalue) α and parame-
ter (field strength) q. In terms of the variable χ, Y (0) =
Y (pi), meaning that only solutions of Eq. (1) with period
pi correspond to eigenfunctions of the pendulum. These
are of two types: Mathieu functions of even order which
are even (odd) around θ, χ = 0, ce2n(χ; q) [se2n(χ; q)],
with characteristic values a2n(q) [b2n(q)], where n is an
integer n = 0, 1, 2, .. (1, 2, ...), and we follow the nota-
tion conventions of [14]. The odd-order Mathieu func-
tions, with antiperiod pi, do not appear as solutions of
the quantum pendulum, but will appear later.
The pendulum eigenfunctions ce0(θ/2; q), se4(θ/2; q)
are shown in Fig. 1, for different choices of the parame-
ter q. When g = q = 0, the wave is free to rotate on the
circle with hamiltonian proportional to Lˆ2, and charac-
teristics (2n)2; when n 6= 0, these are doubly degenerate
with eigenfunctions exp(±inθ) or cos(nθ), sin(nθ). When
q > 0, the rotational symmetry is broken (selecting the
cos, sin states), with the characteristics (2n)2 splitting to
a2n(q), b2n(q).When q  1, the low-n states are confined
to the region around the minimum potential θ = pi; by
the quantum correspondence principle, we expect these
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Fig. 1. Quantum pendulum eigenfunctions, given by Math-
ieu functions in azimuth as in the text. (a)-(c) n = 0, (d)-(f)
n = 4, (a), (d) q = 5, (b), (e) q = 50, (c), (f) q = 500. These
are the spectra (with radius kr) of pendulum beams.
to be related to the harmonic oscillator eigenfunctions.
We define pendulum beams to be optical beams with
these distributions as their transverse Fourier space
spectra, where the ring radius L is taken to be a fixed ra-
dial wavenumber kr. Therefore their transverse Fourier
representation is ce2n(θ/2; q)δ(|k|−kr) for n = 0, 1, 2, ...
and se2n(θ/2; q)δ(|k| − kr) for n = 1, 2, .... Since the
spectrum has a fixed radial wavenumber, the beam also
has a fixed longitudinal wavenumber kz and hence is
propagation-invariant (and indeed, the transverse dis-
tributions solve the 2D Helmholtz equation) [1, 8]. The
real-space distribution is found by decomposing the pen-
dulum Mathieu spectrum into Fourier components (in
θ), and then inverse Hankel transforming each compo-
nent into real space r = (x, y) = (r cosφ, r sinφ) by
δ(|k| − kr) cos(mθ)→ im cos(m[φ− pi/2]) Jm(krr), (2)
and similarly for sin; the pi/2 in the argument of cos is
because we measure the real space azimuth with respect
to +x, although θ is the angle with respect to +y.
Thus pendulum beams Λn(r; q), can be written in
terms of superpositions of Bessel beams explicitly (keep-
ing z = 0 for brevity) as follows:
Λ2n(r; q) =
∞∑
m=0
imA2n2m(q) cos
(
m
[
φ− pi2
])
Jm(krr),(3)
Λ2n−1(r; q) =
∞∑
m=0
imB2n2m(q) sin
(
m
[
φ− pi2
])
Jm(krr),(4)
where the Fourier coefficients A2n2m(q) [of ce2n(χ; q)], and
B2n2m(q) [of se2n(χ; q)], are defined by recursion relations
[14] section 3.10, [19] Eqs. (28.4). The reason for defining
the orders of pendulum beams Λ2n,Λ2n−1 in terms of
Mathieu coefficients as here follows naturally from the
q  1 regime, discussed below; unless q = 0, se0 is not
defined. Examples of the pendulum beams Λ0(r; q) and
Λ3(r; q) for the different q of Fig. 1 are shown in Fig. 2.
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Fig. 2. Pendulum beam intensities, with lengthscale k−1r .
Frames are Fourier transforms of those in Fig. (1): (a)-(c) Λ0,
(d)-(f) Λ3, (a), (d) q = 5, (b), (e) q = 50, (c), (f) q = 500. The
profiles are propagation invariant, and interpolate between
real Bessel beams (q = 0) and ‘beam-beams’ (q  1), whose
profiles resemble propagating 1D HG wavepackets.
When q is small, pendulum beams have the inten-
sity petals characteristic of a standing azimuthal Bessel
beam. As q increases, the circular symmetry is broken.
When q  1, the transverse amplitude resembles a 1-
dimensional Gaussian wavepacket (in x), propagating in
the −y-direction, converging at an apparent ‘focus’ at
y = 0. Despite appearing to be a propagating Gaussian
wavepacket, this is the propagation-invariant transverse
profile of a pendulum beam when q is large; we will refer
to beams in this regime as ‘Gaussian beam-beams’.
Unlike other beam families, pendulum beams have to
be represented in terms of sums, such as by Eqs. (3), (4);
they cannot directly be expressed as products of elemen-
tary functions. This is similar to GG modes, which are
naturally expressed as sums of HG or LG modes with
coefficients given by Wigner D-functions [20] (or equiv-
alently Jacobi polynomials [11]). It is therefore more
difficult to make general statements about how pendu-
lum beams behave in different regimes. We will now
characterize pendulum beams when q is small and large.
When 0 < q  1, the beam globally resembles the
q = 0 Bessel beam. However, when n 6= 0, the region
close to the beam axis with amplitude ∝ rn cos(nφ) or
rn sin(nφ) is most sensitive to the change in q. Following
singularimetric arguments analogous to those in [20, 21],
when q and krr are comparably small, the neighborhood
of the beam axis are given by finite series
Λ2n(r, φ) ∝∼
n∑
t=0
(n+ t− 1)!
(n− t)!t!
(
2ikrr
q
)t
cos
(
t
[
φ− pi2
])
,(5)
Λ2n−1(r, φ) ∝∼
n∑
t=1
(n+ t− 1)!
(n− t)!t!
(
2ikrr
q
)t
sin
(
t
[
φ− pi2
])
.(6)
In [20, 21], such finite series represent the breakup of
a high-order optical vortex into n single-charge vortices
a b
Fig. 3. Amplitude distributions near the axis for q ≈
0. Thin lines are intensity contours, thick (dashed) lines
real (imaginary) contours. (a) n = 3, with amplitude
∝ 48(k2rxy/q2) − 8i(krx/q). (b) n = 4 with amplitude
∝ 1 + 24(krx/q)2 − 24(kry/q)2 + 8i(kry/q). The functions
globally behave like xy, and x2−y2 but the nongeneric axial
singularity is perturbed by small q, given by Eqs. (5), (6).
approximated by an analytic polynomial in x+iy. Here,
we are considering the complex perturbation of a real
amplitude distribution, which is harder to characterize
mathematically; the high-order discrete rotational sym-
metry of the standing Bessel beam is broken, with a net
phase increase in the −y-direction, as shown in Fig. 3.
In the regime q  1, the low-energy pendulum eigen-
states are well approximated by harmonic oscillator
eigenstates [12]. This is given by the leading order
asymptotic approximation (given in [19] section 28.8),
for which an(q), bn+1(q) ∼ −2q, valid for 0 ≤ χ < pi,
cem(χ; q), sem+1(χ; q) (7)
∼
[
pi
√
q
22m+1(m!)2
]1/4
e−(q
1/4 cosχ)2Hm
(√
2q1/4 cosχ
)
,
where Hm is a Hermite polynomial. Beams with spectra
analogous to the right hand side of Eq. (7) were consid-
ered in [22].
When q is large, the pendulum spectrum is therefore
only nonzero close to θ = pi. In this region, the spec-
trum of Λm(r; q) is well approximated by a 1D Hermite-
Gaussian distribution of order m in kx = −kr sin θ, with
waist width
√
2kr/q
1/4. This is analogous to the parax-
ial approximation, but in the transverse spectrum (as
kz is fixed). Being nondiffracting, the spectrum is con-
fined to the circle of radius kr, but now in a sufficiently
tight angle around θ = pi that the circle may be ap-
proximated by a parabola. Furthermore, the spectrum
is Hermite-Gaussian in kx. Therefore, in real space, the
transverse beam appears to be a paraxial 1D Hermite-
Gaussian profile in x propagating in −y with focal width
q1/4/
√
2kr, as in Fig. 2(c),(f). This implies the Gaussian-
like profile in x has a Rayleigh distance in y of
√
q/4kr.
As q →∞, the effective width in x of this transversely
propagating ‘Gaussian beam-beam’ increases, limiting
to a true plane wave propagating in −y when m = 0.
When m 6= 0, one finds superpositions of ‘polynomial
beams’ (differentiated plane waves) [23].
4The Mathieu approximation above reveals another ap-
pealing feature of pendulum beams in the large q regime.
By Eq. (7), we have for q  1,
ce2n
(
θ
2 , q
) ≈ 1√
2
[
ce2n
(
θ − pi2 ; q16
)
+ se2n−1
(
θ − pi2 ; q16
)]
,
(8)
that is, the (even) Mathieu function with argument θ/2
and parameter q can be expressed as the sum of adjacent
even and odd Mathieu functions with shifted argument
θ−pi/2 and parameter q/16, and an analogous expression
holds for se2n(θ/2, q).
This representation is informative as the Mathieu
functions on the right hand side of Eq. (8) are in fact the
Fourier representations of Mathieu beams [4, 16]. This
implies the following approximation for large q,
Λ2n(r; q) ∝∼ Ce2n(ξ;Q)ce2n(η;Q)+iSe2n+1(ξ;Q)se2n+1(η;Q),
(9)
where Q = q/16 = f2k2r /4 and Ce,Se denote modified
Mathieu functions [14, 19]. An analogous equation for
odd order Λ2n−1 also holds. The transversely propa-
gating beam-beam (q  1) may thus be represented as
a complex combination of even and odd (real) Mathieu
beams of order differing by 1, just as an OAM-carrying
Bessel beam is a complex combination of even and odd
standing azimuthal Bessel beams of the same order.
The approximation of the hyperbolic pattern of a fo-
cused 1D Gaussian wavepacket by Mathieu functions has
been made previously [24]. However, the present discus-
sion illustrates how this representation naturally arises
in a natural interpolation between Bessel beams, asso-
ciated with OAM around the beam axis, and ‘beam-
beams’, associated with transverse linear momentum.
Just as OAM relies on a complex superposition of beams
with cos(nφ) and sin(nφ) dependence, travelling trans-
verse Gaussian beams approximately rely on a complex
superposition of even and odd Mathieu functions. How-
ever, when q = 0, cos(nφ) and sin(nφ) must be combined
to give OAM eigenstates, whereas when q →∞, combi-
nations of Mathieu beams of order 2n and 2n−1 combine
to give transverse linear momentum. (This is mirrored
in the Mathieu characteristics, for which, when q  1,
an(q) ≈ bn(q), but an(q) ≈ bn+1(q) for q  1.)
In terms of operators, Mathieu beams are eigenfunc-
tions of the ‘Mathieu operator’ Lˆ2 + 2qk2r
(pˆ2x− pˆ2y); if Y (θ)
is an eigenfunction of this operator with eigenvalue α
and azimuth θ(= χ), the operator equation in Fourier
space can easily be arranged to give Mathieu’s equation
(1). The preceding discussions imply that the pendulum
beams are eigenfunctions of a related ‘Condon operator’
Lˆ2+ q2kr pˆy, now with eigenvalues α/4, which interpolates
between the squared angular momentum operator and
the linear momentum operator, making the link with
Mathieu beams natural, as well as the analogy with op-
erators for different Gaussian beam families.
For experimental realizations with a hologram in the
Fourier plane, only light on a circle of radius kr can
be transmitted [8]; when q  1 this is further concen-
trated on a small arc, which can be approximated by a
parabola. In fact, the recently-studied ‘Pearcey beams’
[25] also have a spectrum restricted to a parabola, and
in their focal plane they display a pattern reminiscent
of the focusing of a Gaussian wavepacket (whereas in
other planes this focusing appears aberrated). Our con-
sideration of operators suggests further insights into the
paraxial approximation may be gained by considering
beams which are eigenfunctions of the linear momen-
tum operator singularly perturbed by the squared angu-
lar momentum operator, which, as we have seen, gives
the ‘beam-beam’ regime of pendulum beams.
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